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Abstract. We apply the result of |Hisl2j to the family of graded linear series con- 
structed from any test configuration. This solves the conjecture raised by [WN10 j so 
that the sequence of spectral measures for the induced C*-action on the central fiber 
converges to the canonical Duistermatt-Heckman measure defined by the associated 
weak geodesic ray. As a consequence, we show that the algebraic p-norm of the test 
configuration equals to the L p -norm of tangent vectors. Using this result, We may 
give a natural energy theoretic explanation for the lower bound estimate on the Calabi 
functional by |Don05] and prove the analogous result for the Kahler-Einstein metric. 



1. Introduction 

Let X be an n- dimensional smooth projective variety and L an ample line bundle 
over X. In the sequel we also fix a smooth Hermitian metric h on L, which has strictly 
positive curvature over X. The curvature form defines a Kahler metric in the first 
Chern class C\(L). Conversely, any Kahler metric u in Ci(L) has a Kahler potential 
ip in each local trivialization neighborhood such that the correction of e - ^ defines a 
Hermitian metric with the curvature form u = dd c (p, uniquely up to multiplication of 
a constant. We identify h with the correction of weights ip and with u. The space of 
Kahler metric % is the set of all h = e~ v , endowed with the canonical Riemannian 
metric 



" ll--> :■ I I u 2 



(dd c p) n 



which is defined for any tangent vector u at ip. There is the canonical K-energy func- 
tional Ai : H — > M. such that any constant scalar curvature Kahler metric is character- 
ized as a critical point of this energy. This K-energy is known to be convex along any 
smooth geodesic ray in "H and it is important to investigate the gradient of the energy 
at infinity along a given geodesic ray tp t (t G [0, +oo)). 

A geodesic ray in "H corresponds to a special kind of degeneration of (X, L) in al- 
gebraic geometry. A flat family of polarized schemes tc : (X,C) — > C with (Xi,Ci) = 
(X, L) and an equivariant C*-action on (X, C) is called a test configuration. We denote 
the datum by T. For each k > 1 let H (X ,£® k ) = A V x be the eigenspace decom- 
position of the induced C*-action on the central fiber. Then we have the asymptotic 
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expansion 



]T A A dim V x 
k J2x dim v * 



F + F 1 k- 1 + 0{k- 2 ). 



We call the coefficient Fi in the subleading term as the Donaldson-Futaki invariant of 
T. It was first established by |PS07] that any test configuration T with fixed metric 
ip canonically defines a weak geodesic ray ip t emanating from ip, in the space of Kahler 
metric. (Here for the proof of the main theorem we adopt the construction of [RWN11] 
so that (ft — F gives the geodesic ray in |PS07j .) In this situation it is now conjectured 
that the Donaldson-Futaki invariant corresponds to lim^oo Ai (ipt) if the latter one 
is properly defined for the weak geodesic ray. In this paper we further relate the 
asymptotic distribution of eigenvalues to (pt and give some application to the estimate 
for Fi. Our main theorem claims that the associated sequence of spectral measures 
converges to the canonical Duistermatt-Heckman measure defined by <p t . The Monge- 
Ampere (or Liouville) measure MA(^) is defined for each singular ip t and equals to 
(dd c <p t ) n if (ft is smooth (see subsection 2.1). 

Theorem 1.1. Let T be a test configuration with normal X . Then the weak limit of 
the normalized distribution of eigenvalues is given by the push-forward of the Monge- 
Ampere measure MA(ip t ) to the real line by the tangent vector ip t . That is, for any 
t > we have 



Here 8x denotes the delta function for £ e 1L In particular, the right hand side measure 



is independent not only of t but also of (p, and defines the canonical Duistermatt- 
Heckman measure. 

Theorem 11.11 was first conjectured by |WN10j and proved for product test configura- 
tions in the same paper. The analogous result for geodesic segments was obtained by 
[Bcrn09j in a different approach. Recall that the above definition of F\ was motivated 
by the equivariant Riemann-Roch formula of |A B84j . which can be applied to the prod- 
uct test configuration and in that case one has the Duistermatt-Heckman measure on 
the central fiber in the usual way. In word of geodesic the central fiber corresponds 
to t = oo and our canonical Duistermatt-Heckman measure which is independent of 
t gives the right generalization to any test configuration. Then Theorem 11.11 can be 
seen as a part of the ideal index theorem for an equivariant family which admits very 
singular fiber over the fixed point G C. Taking the p-th moment of the above measure, 
we may extend the definition of algebraic norm in |Don05j to any p ^ 1 and relate it 
to the L p -norm of tangent vectors on the weak geodesic ray. 

Theorem 1.2. Let us define the trace-free part of each eigenvalue A as 




x 



A := A 
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and for each p ^ 1 define the p-norm ||T|| by 



dim V; 



Then the limit exists and 



holds. 



Using Theorem 11.21 we may give an energy theoretic explanation for the |Don05] 's 
lower bound estimate on the Calabi functional. In particular in the Fano case we obtain 
the following. Note that when L = —Kx any metric h = e _</3 can be identified with the 
positive measure which is described as e~^ AHi ~^r~dzi A dzi in each local coordinate. A 
metric e - ^ is called a Kahler-Einstein metric if it satisfies the identity of the measures: 
{dd c (p) n = n\e~v. 

Theorem 1.3. Let X be a Fano manifold and T a test configuration of (X, —K 
whose total space X is normal. Then for any smooth Hermitian metric h = t 
—Kx and exponents 1 ^ p, q ^ +oo with 1/p + 1/q = 1 we have 



x), 
on 



me 



(dd c ip) n 



1 



\r\\ 



In other word, the difference from Kahler-Einstein metric is bounded from below by the 
Donalds on- Futaki invariant. 



Let us briefly explain the outline of our proof of Theorem 11.11 The proof is based on 
the analytic study for graded linear series, which was exploited in |Hisl2j . We apply it 
to [WNlOj 's family of graded subalgebras 

oo oo 
fc=0 k=0 

which is constructed from T and each A G R as follows. For a given section s G 
H°(X, L® k ), let us denote its unique invariant extension which is at least meromorphic 
over X by s. We define as the set of sections s whose invariant extensions s have 
poles along the central fiber X = {t = 0} at most — |~AAf| order. In other words, 

W x>k := | s G H°(X,L® k ) £~r Afc l s G H°(X, £) j-. 

Then it can be proved algebraically that the limit of spectral measures is given by the 
Lebesgue-Stieltjes measure of the volume function voI(Wa) hi A. The main theorem of 
|Hisl2j interpret each volume into the Monge-Ampere measure of associated equilib- 
rium metric Pwxf - The Legendre transformation of this family of equilibrium metrics 
is nothing but the weak geodesic ray (ft so that we may complete the proof by the 
recent developed techniques of pluripotential theory. This kind of approach seems itself 
interesting and we hope it should be studied more in the future. 
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2. Analytic description of the volume 

2.1. Monge— Ampere operator. In this section, we briefly review the definition and 
basic properties of the Monge-Ampere operator. Let L be a holomorphic line bundle 
on a projective manifold X. We usually fix a family of local trivialization patches 
U a which cover X. A singular Hermitian metric h on L is by definition a family of 
functions h a = e~^ a which are defined on corresponding U a and satisfy the transition 

i 1 2 

rule: ipp = p a — log \g a p\ on U a PI Up. Here g a p are the transition functions of L with 
respect to the indices a and (3. The weight functions p> a are assumed to be locally 
integrable. If (p a are smooth, {e~ Va } a defines a smooth Hermitian metric on L. We 
usually denote the family {p a } a by ip and omit the indices of local trivializations. 
Notice that each <p = ip a is only a local function and not globally defined, but the 
curvature current = dd c p> is globally defined and is semipositive if and only if 
each ip is plurisubharmonic (psh for short). Here we denote by d c the real differential 
operator ^7=p We call such a weight a psh weight. The most important example 

is those of the form k~ x log(|si| 2 + ■ • • + |sjv| 2 ), defined by some holomorphic sections 
si, • • • ,sn £ H°(X,L® k ). Here |sj| (1 ^ i ^ N) denotes the absolute value of the 
corresponding function of each Sj on U a . We call such weights algebraic singular. More 
generally, a psh weight tp is said to have a small unbounded locus if the pluripolar set 
oo) is contained in some closed complete pluripolar subset S C X (e.g. a proper 
algebraic subset). 

Let n be the dimension of X. The Monge-Ampere operator is defined by 

p ^ {dd c p) n 

when p is smooth. On the other hand it does not make sense for general p>. The 
celebrated result of Bedford-Taylor [BT76] tells us that the right hand side can be 
defined as a current if p> is at least in the class L°° nPSH(C/ Q! ). Specifically, by induction 
on the exponent q = 1,2, n, it can be defined as: 

/ {dd c pf A 7] := [ p{dd c p) q ~ l A dd c r] 
Ju a Ju a 

for each test form rj. Here J denotes the canonical pairing of currents and test forms. 
This is indeed well-defined and defines a closed positive current, because p> is a bounded 
Borel function and (dd c p>) q ~ l has measure coefficients by the induction hypothesis. 
Notice the fact that any closed positive current has measure coefficients. 

It is also necessary to consider unbounded psh weights. On the other hand, for our 
purpose, it is enough to deal with weights with small unbounded loci. 

Definition 2.1. Let p> be a psh weight of a singular metric on L. If p> has a small 
unbounded locus contained in an algebraic subset S, we define a positive measure 
MAO) on x b y 

MA(ip) := the zero extension of (dd c p>) n . 
Note that the coefficient of (dd c p>) n is well-defined as a measure on X \ S. 

MA(ip) in fact defines a closed positive current on X. In particular, it has a finite 
mass on X. For a proof, see [BEGZ10J, Section 1. 
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Remark 2.2. In [BEGZ10J, the non-pluripolar Monge- Ampere product was denned in 
fact for general psh weights on a compact Kahler manifold. Note that this definition 
of the Monge-Ampere operator makes the measure MA(ip) to have no mass on any 
pluripolar set. In other words, MA(<p) ignores the mass which comes from the singu- 
larities of tp. For this reason, as a measure-valued function in ip, MA(ip) no longer has 
the continuous property. 

We recall the fundamental fact established in [BEGZ10J which states that the less 
singular psh weight has the larger Monge-Ampere mass. Recall that given two psh 
weight if and if' on L, if is said to be less singular than if' if there exists a constant 
C > such that if' ^ f + C holds on X. We say that a psh weight is minimal singular 
if it is minimal with respect to this partial order. When if is less singular than f' and if' 
is less singular than if, we say that the two functions have the equivalent singularities. 
This defines a equivalence relation. 

Theorem 2.3 ([BEGZ10J, Theorem 1.16.). Let if and if' be psh weights with small 
unbounded loci such that if is less singular than if' . Then 



x 



MA(y/) «C / MK(f) 
Jx 



holds. 



2.2. Analytic representation of volume. Let A be a n-dimensional smooth complex 
projective variety and L a holomorphic line bundle on X. Graded linear series is by 
definition a graded C-subalgebra of the section ring 



W = ($W k c($H (X,L® k ). 



k=0 k=0 

They appear in many geometric situations. In fact in the present paper we give an 
application of the analysis of such proper subalgebras to the problem of constant scalar 
curvature Kahler metric. The volume of graded linear series is the nonnegative real 
number which measures the size of the graded linear series as follows: 

imn v dimW k 
vol(VVj := hmsup - 

fc— s>oo K / TV. 

The main result of |Hisl2j gives an analytic description of the volume. The analytic 
counterpart of the volume is the following generalized equilibrium metric, which is 
originated from |Berm07] . 

Definition 2.4. Let W be a graded linear series of a line bundle L. Fix a smooth 
Hermitian metric of L and denote it by h = e~ v , where ip is the weight function defined 
on a fixed local trivialization neighborhood. We define the equilibrium weight associated 
to W and if by 



P\\ r — S HP :: { ^log |s| 2 



k ^ 1, s eW k such that \s\ e klp ^ 1 



(i 



Here * denotes taking the upper semicontinuous regular izat ion of the function. The 
equilibrium weight Pwf on each local trivialization neighborhood patches together and 
define the singular Hermitian metric on L. We call it an equilibrium metric. 

As in the subsection 2.1, we define the Monge-Ampere measure MA(Pwtp) on X. 

Theorem 2.5 (The main theorem of |Hisl2j ). Let W be a graded linear series of a 
line bundle L, such that the natural map X --• * FW k is birational to the image for any 
sufficiently large k. Then for any fixed smooth Hermitian metric h = e - ^ we have 



Note that Theorem 12.51 is valid for general line bundle which is possibly not ample. 
We will apply this general formula to the special graded linear series associated to a 
test configuration of a polarized manifold. 

Remark 2.6. With no change of the proof in |Hisl2j . Theorem 12.51 can also be proved 
under the assumption Wk is birational for any sufficiently divisible k. For non complete 
linear series, the condition vol(VK) > does not imply that X --- » FW£ is birational for 
sufficiently large k. For example, when W is defined as the pull-back of H (Y,O(k)) 
by a finite morphism I-^FC P^, vo\(W) > holds but Wk never defines birational 
map to the image for any k. For this reason, neither does Theorem 12.51 hold for general 
W with vo\(W) > 0. To be precise, taking a resolution n k of the base ideal of Wk and 
denoting the fixed component of [i* k Wk by F k , the right hand side in Theorem 12.51 is 
given by the limit of self-intersection number of line bundles M k := ^\L® k ® O(-Fk). 

3. Test configuration and associated family of graded linear series 

In this section we explain the construction of the family of graded linear series W\ 
(A G R) from fixed test configuration (X,C), following the recipe of Witt-Nystrom's 
paper [WN10] . First we introduce the notion of K-stability. 

3.1. K-stability. 

Definition 3.1 (The definition of test configuration by |Don02j ) . Let (X,L) be a 
polarized manifold. We call the following datum a test configuration (resp. semi test 
configuration) for (A, L) . 

(1) A flat family of schemes with relatively ample {resp. semiample and big) Q-line 
bundle vr: (X,£)-+C such that {X^d) ~ (A, L) holds. 

(2) A C*-action on (X, C) which makes 7r equivariant, with respect to the canonical 
action of C* on the target space C. 

Remark 3.2. As it was pointed out by |LXllj . the above original definition by Donaldson 
should be a bit modified. For example, if one further assume X is normal, then the 
pathological example in |LXllj can be removed. On the other hand, recent paper |Szllj 
proposed to consider the class of test configurations whose norms ||T|| are non-zero and 
this condition seems more natural and appropriate for our viewpoint. In fact Theorem 
11.21 gives one evidence. See also [RWNllJ. We assume, however, the normality of X in 
proving Theorem 11.11 and 11.21 
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By the flatness of 7r Hilbert polynomials of (X t , Ct) are independent of t G C. The 
C*-equivariance yields an isomorphism (X t , C t ) — (X, L) for any t G C \ {0}. Note that 
the central fiber (Xq, Cq) can be very singular. It is even not normal in general. A test 
configuration is said to be product if X ~ X x C and trivial if further the action of C* 
on X x C is trivial. A test configuration (X,C) induces the C*-action on H°(X , £g fc ) 
for each k ^ 1. This action p : C* -> Aut(H°(X ,C^ k )) decomposes the vector space 
as H°(X ,£f k ) = A 1/ A such that p(r)v = t x v holds for any v G V x and r G C*. 
By the equivariant Riemann-Roch Theorem, the total weight w (k) = \dimV\ is a 
polynomial of degree n + 1. Let us denote the coefficients by 

(3.3) w(k) = b k n+1 + hk n + 0(k n - 1 ). 
We also write the Hilbert polynomial of (X, L) by 

N k := dim H°(X, L® k ) = a k n + cak* 1 " 1 + 0(k n - 2 ). 

The Donaldson-Futaki invariant of given test configuration is defined to be the sub- 
leading term of 

(3.4) ^ = F + F l k- 1 + O(k-'). 

kN k 

In other word, 

(3.5) F 1 := ^ • 

Definition 3.6. A polarization (X, L) is said to be K-stable (resp. K-semistable) if 
Fi < (resp. C\ ^ 0) holds for any non-trivial test configuration. We say (X, L) is 
K-polystable if it is K-semistable and F± — holds only for product test configuration. 

This notion of K-stability was first introduced by [Tia97j . The above algebraic def- 
inition was given by |Don02] . Note that K-stability is unchanged if one replaces L to 
L® k since Fi is so. The equivalence of certain GIT-stability and existence of special 
metric originates from Kobayashi-Hitchin correspondence for vector bundles. In the 
polarized manifolds case, we have the following conjecture. 

Conjecture 3.7. (Yau-Tian-Donaldsori) A polarized manifold (X,L) admits a cscK 
metric if and only if it is K-polystable. 

One direction of the above conjecture was proved by |Don05j . |Sto09] . |Mab08] . 
|Mab09] . That is, the existence of cscK metric implies K-polystability of the polar- 
ized manifold. See also |Berml2j for the detail study in the Kahler-Einstein case. 

The stability of vector bundle is defined by slope of subbundles and to pursue the 
analogy to the vector bundle case, |RT06] studied the special type of test configurations 
which are defined by subschemes of X, and introduced the slope of a subscheme. 

Example 3.8. A pair of an ideal sheaf J C Ox and c G Q defines a test configuration 
as follows. We call such test configuration as deformation to the normal cone with 
respect to (J7", c): Let X be the blow-up of X x C along J and P be the exceptional 
divisor. The action of C* on X x C fix V(J) so that it induces actions on X and P. 
We denote the composition of the blow-down X X x C and the projection to X by 
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p : X — > X. Let us define the Q-line bundle C c on X by C c := p*L <g> O(-cP). When 
V = V(J) is smooth, P is a compactification of the normal bundle Ny/x- This is why 
we call (X, C c ) the deformation to the normal cone. Let us denote the blow-up along 
J by fi : X' — > X and the exceptional divisor by E. The Seshadri constant of L along 
J is defined by 



e{L, J) := sup 



[i*L <g) O(-cE) is ample 



Then we have the following lemma so that (X, C c ) actually defines a test configuration 
for any sufficiently small c. 

Lemma 3.9 QRT06], Lemma 4.1). For any < c < e(L,J), C c is a n-ample Q-line 
bundle. 

The slop theory of [RT06] was further developed by |Oda09] . We will use it in the 
next subsection to compute the associated graded linear series of T. Consider a flag of 
ideal sheaves J C J x C • • • C J N _i C Ox and fix c e Q>o- Let us take the blow up 
X of X x C along the C*-invariant ideal sheaf 

^ := Jo + t Ji + • + t"- 1 Jat-i + (t^) 

and denote the exceptional divisor by P and the projection map by p : X — > X. Then 
X naturally admits a line bundle C := p*L ® O(-cP). In his paper [Oda09j Odaka 
derived intersection number formula of the Donaldson-Futaki invariant for this type of 
semi test configuration defined by flag ideals. The point is that any test configuration 
can be dominated by the above type of semi test configuration. 

Proposition 3.10 (Proposition 3.10 of |Oda09|). For an arbitrary normal test config- 
uration T ', there exist a flag of ideal sheaves Jo C Jx C • • • C Jn-i Q Ox and c G Q>o 
such that T 7 = (X', C) defined by the flag is a semi test configuration which dominates 
T by a morphism f: X' — > X with £' = f*C. Moreover, Fi(T') = -Fi(T) holds. 

3.2. The associated family of graded linear series. Let us denote the C*-action 
on (X,£) by p : C* -> Aut(X,£). For any s G H°(X,L® k ), it naturally defines an 
invariant section s G H°(X t ^ , C® k ) by s(p(r)x) := p{r)s(x) (r G C*,x G X t ^ ). 

Lemma 3.11 ( |WN10j . Lemma 6.1.). Let t be the parameter of underlying space C. 
For any A G Z, t~ x s defines a meromorphic section of C® k over X . 

We then introduce the following filtration to measure the order of these meromorphic 
sections along the central fiber. 

Definition 3.12. Fix a test configuration (X,£). For each A G R, we define the 
subspace of H°(X,L® k ) by 

(3.13) F x H°(X,L® k ) := j s G H°(X,L® k ) t~ m s G #°(#, £)|. 

By definition (p(r)s)(x) := p(r)s(p _1 (r)(x)) so it holds (p(r)s)(x) = p(r)s(p _1 (r))(a;) 
s(x) i.e. s is invariant under the C*-action. On the other hand, regarding t as the sec- 
tion of O we have (p(r)t)(x) = p(r)t(p~ 1 (r)x) = p(r)(r^ 1 t(x)) = r~ 1 t(x). Therefore 
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£~l" A ls is an eigenvector of weight [A] with respect to the C*-action. Note that the 
filtration is multiplicative, i.e. 

7 X H\X, L® k ) ■ TyH°(X, L k ') C F x +x>H°{X, L k+k ') 

holds for any A, A' 6 R and k, k! ^ 0. The relation to the weight of the action on the 
central fiber is given by the following proposition. 

Proposition 3.14. Let us denotes the weight decomposition of the C*-action by H°(X , Cx ) = 
A V\. Then, for any A G K we have 

(3.15) dim J^ X H°{X, L 0k ) = J2 dimV ^' ■ 

X'^X 

Note that every weight is actually an integer so that each side of (13.15j) is unchanged if 
one replaces A to [A] . The fundamental fact established in |PS07] is that this filtration 
is actually linearly bounded in the following sense. 

Lemma 3.16 ([PS07J, Lemma 4). For any test configuration (X,jC) there exists a 
constant C > such that for any k ^ 1 and A with dimVx > 0, 

|A| < Ck 

holds. 

In other words, there exists a constant C > such that 

F_ckH°(X, L® k ) = H°(X, L® k ) and F C kH°(X, L® k ) = {0} 
hold for every k ^ 1. 
Definition 3.17. We set 

A := sup {A | F X kH°{X, L m ) = H°{X, L m ) for any k ^ 1} and 
A c := inf {A | FxkH^X, L m ) = {0} for any k ^ l}. 

By Lemma I3.16[ Ao and A c are both finite. Lemma 13.161 indicate us to consider the 
graded linear series 

oo oo 

(3.18) W x = := F xk H°(X,L® k ) 

k=0 k=0 

For each AgR. It was shown by [Szll] that this family has a sufficient information of 
original test configuration. A result of |WN10] in fact gives the explicit formula for bo. 

Theorem 3.19 (A reformulation of |WN10j . Corollary 6.6). Let (X,C) be a test con- 
figuration. Then the quantity bo is obtained by the Lebesgue-Stieltjes integral of A with 
respect to vol(W\) . That is, 

POO 

n % = - \d(vo\(W x )). 
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Theorem 13.191 actually follows from Corollary 6.6 of [WN10J by change of variables 
in integration. Note that the concave function G\T\ on the Okounkov body A(L) in 
|WN10] is determined by the property: G[7 l~ x ([A, oo)) = A(W X ) where A(W\) C R n 
is the Okounkov body of W\ in the sense of [LM08]. Definition 1.15 and that n\ times 
the Euculidian volume vo1(A(Wa)) equals to voI(Wa). Here however we give a self- 
contained proof of the above theorem. Our proof is rather simple than that of [WNlOj 
which used the method of Okounkov body. 

Set the counting function of weights as 



(3.20) /(A) = / fc (A) := J>imV A , = dim T X H° (X , L® h ^ 



It is easy to show that fk(X) is actually left-continuous and non-increasing function. 
Hence the Lebesgue-Stieltjes integral makes sense and 

(k) -=J2 X dim v * = b ° kn+1 + h ^ n + Oi^ 1 ) 



w x 

A 



OG 



Xdf(X) = - kXdf(kX) 

) J — oo 

hold for any k. For any small e > Integration by part yields 



kXdf(kX) 



kXf{kX) 



+ / kf(kX)dX. 

Ao— e ^A — e 



By the definition of the volume we have 



limsup(M = vo i (W / A ). 

If vol(W\) > 0, the limit of supremum is in fact limit for k sufficiently divisible, by 
Theorem 4 of [KK09j (or by the proof of Theorem 3.10, Corollary 3.11, and Lemma 3.2 
of [DBP12j ). Therefore the dominate convergence theorem concludes 



POO 

n% = (A - e)L n + / vo\{W x )dX. 

J An— s 



A -£ 

Thus we obtain Theorem 13.191 

We remark that one of the advantage to consider such graded linear series is to avoid 
the difficulty comes from the singularity of the central fiber X . On the other hand, 
we have to treat with the difficulty comes from the non-completeness of linear series in 
this setting. 

Example 3.21. Let (X, C) be the test configuration defined by an ideal sheaf J C Ox 
and c G Q as in Example 13.81 Then the associated W\ are computed to be: 

H°(X,L® k ) (A^-c) 
W x k = { H°{x, L® k ® J\ xk ~\+ Ck ) (-c < A < 0) 
{0} (A > 0) 
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for any A;. As a result, we have 

n\b = -cL n + J (p*L®0{-{\ + c)E)) n d\. 

In fact thanks to Proposition 13.101 one can compute W\ for any test configuration. 

Proposition 3.22. For any test configuration T , there exist a flag of ideals Jo C J x C 
• • • C Jn-i C Ox and c G Q>o such that Wx,k can be computed for any A G Q>o and k 
sufficiently divisible, as follows: 

W x , k = H°(X,L® k ) if X^-Nc, 
W X}k = {0} if \> N ( N ~ 1} c, and 



[Afc}+(iV- j^ 1} ))ck 



W x , k = H°(X, L® k ® J^J^ 2 ■ ■ ■ Jn~ ]+ iJn- 3 
if —(N - i^-)c < A ^ -(N - &±±±)c holds for some l^j^N. 

Proof. Let us take /: X' — > X as Proposition 13.101 Note that / is isomorphic except on 
the locus contained in X Q , whose codimension is greater than 2 in X. Then it is easy to 
see that W\ >k for X is naturally isomorphic to that for X'. Therefore we may assume 
that X is defined by a flag Jo Q J\ Q • • ■ Q Jn-i Q Ox, without loss of generality. 
Then we have the decomposition 

H°(X, £® k ) = H°{X x C,p*L® fe ®(Ja + tJt + --- + I^Jn-i + {t N )) ck ) 



= ( t h+K2+-+Ni NH 0( Xj L ®k ^ jiojh . . . j^y\ © t Nck C[t]H°(X, L 

io+h-i Mjv=cfc 

To compute [A A;] -component of H°(X , Co k ), we should solve 



H + 2i 2 + ■ ■■ + Ni N = -\Xk] 

io + h H h«Ar = ck 

<^> Ni + (N - l)ii H h i N -i = \Xk] + Nek. 

The above equation for (i Q , . . . , ijv-i) nas many solutions but if two solutions satisfy 
(i , . . . , ix-i) ~< (jo, ■ ■ ■ > Jn-i) i n the lexicographic order 

H°{X, L® k ® J io J? ■ ■ ■ C H°{X, L® k ® j£°jt ■ ■ ■ J'/Si) 

so that W x , k = H°(X, L 9k ®J^J^ ■ ■ ■ Jn-i) holds for the maximal solution (z , . . . , i N -i). 

□ 

If one take a resolution /i: X' — > X of Jo, . . . , Jn-i and divisors Ej (1 ^ % ^ N — 1) 
on X' such that JO x > = X '{-Ei) and E { ^ £7,- (i ^ j) hold, it holds that 



W x , k ~ H°(X',fi*L® k ® 0(-kE x )) 
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where 

X + (N-2^)c 

E x := oEjv-i + • • ■ + cE N _j + i H : E N _j. 

J 

The above computation is not so practical but here we obtain the following observation 
so that we may apply Theorem 12.51 to W\. 

Corollary 3.23. If X < X c , the natural map X VW£ k is birational to the image 
for any k sufficiently divisible. 

Proof. Note that A c ^ jnj^zl) C- L e ^ us g rs ^ see that 0(— i? A ) is big for any 

A < A c . It is enough to consider the case where there exists a j such that E\ is big 
for A < -(N - 3 -^)c but not so for A = -(N - ^±ll)c. Since £jv-i-i ^ E N _j 
this actually implies E x is not pseudo-effective for A > — (N — J ^ ^ )c. Let us now 
fix a rational number A' such that A < A' < A c holds. Then W\ t k contains W\',k — 
H°(X', fi*L® k ®0{-kEy)) for sufficiently divisible k. Since n*L®b{-E x .) is big, this 
concludes the corollary. □ 



4. Study of the weak geodesic ray 

In this section we apply Theorem 12.51 to each W\ constructed from the test configu- 
ration to study the associated weak geodesic ray. 

4.1. Construction of weak geodesic. One of the guiding principles to the existence 
problem of constant scalar curvature Kahler metric is to study the Riemannian geometry 
on the space of Kahler metrics in the first Chern class of L. A result of Phong and Sturm 
(in |PS07j ) gives a milestone in this direction. They showed that a test configuration 
canonically defines a weak geodesic ray emanating from any fixed point ip in the space 
of Kahler metrics. This builds a bridge between the algebraic definition of K-stability 
and the analytic stage where the cscK metric lives. Later it was shown by |RWNll] 
that one can also define the same weak geodesic via the associated family of graded 
linear series {W^a}- Let us now recall their construction. Throughout this subsection 
we fix a smooth strictly psh weight <p. It will be shown that ip and the family of graded 
linear series {Wa} canonically define the weak geodesic emanating from (p. 

Recall that a family of psh weights ip t (a <t < b) is called weak geodesic if ^(x, r) : = 
^-logM^) (t £ C, e~ b < |t| < e~ a ) is plurisubharmonic and satisfies the Monge- 
Ampere equation 

MA(tf) = 0. 

Here we consider ty( the function of (n + l)-variables and the Monge-Ampere 

operator is defined in subsection 2.1. When each dd c ipt is a smooth Kahler metric, there 
is the canonical Riemannian metric which is defined for a tangent vector u at ipt by 

M := / u — j — ■ 

By |Sem92j, it is known that MA( 1 i r ) = if and only if the geodesic curvature for this 
metric is zero. 
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First note that given test configuration (X,C), the associated family {W\} defines 
the family of equilibrium weight Pw x V- Let us from now write as 

:= Pw x <P- 

The first easy observation is that ip\ is decreasing with respect to A. As a consequence 
of the Bergman approximation argument by Demailly and Lemma 13.161 we have 

ipx = p if A < A and A c = inf{ X \ tp\ = — oo }. 

Further by the multiplicativity of J-'xH ^, L® k ) one can see that ip\ is concave with 
respect to A. The main result of [R WN11] states that the Legendre transformation of 
ipx defines a weak geodesic ray. 

Theorem 4.1 f jRWNllj . Theorem 1.1 and Theorem 1.2, Theorem 9.2.). Set the Le- 
gendre transformation of ip\ by 

(4.2) (p t := sup*{^ A + tX | A G R} for t e [0, +oo). 

Then ip t defines a weak geodesic emanating from p. Moreover, ip t — Fq coincide with 
the weak geodesic ray constructed in |PS07] . 

It is immediate to show that p t is a bounded psh weight emanating from <p and that 
it is convex with respect to t. The geodecity is derived from the maximality of Pwxfy 
that is, 

(4.3) ip\ = p a.e. with respect to MA(ip\). 

And one of the technical point in [ RWN11] is to show ( 14.3[) . Such property is caused by 
the fact that tp\ is defined as the upper envelops of sufficiently many algebraic weights. 
Note that the inverse Legendre transform maps (p t to ip\ by 

(4.4) i, x = mi{p t -tX) 

which holds on almost every point on X . Therefore the two curves have the equivalent 
information. Fix t G [0,oo). By the convexity of ipt in t, the right derivative <p>t{x) is 
defined for every x G X . We identify this right derivative with the tangent vector of 
the weak geodesic. Moreover, the gradient map relation 

(4.5) - ^ A (x) + p t {x) = tX 
holds almost everywhere if one set A := <pt{x). 

4.2. Proof of Theorem II. 1L Now we prove Theorem 11.11 It was shown in [W NlO ] 
that the push-forward of the Lebesgue measure by the concave function G[T] on the 
Okounkov body A(L) gives the weak limit. That is, 

(4.6) Urn — 53<5kdimy A = 7i!G[7l*(dA| A (L)). 

°° A 

Recall that G[T] is characterized by its property: G[7^| _1 ([A, oo)) = A(W\) where 
A(W A ) C R n is the Okounkov body of W x in the sense of |LM08| . Definition 1.15 
and n! times the Euculidian volume vol(A(W\)) gives voI(W'a)- Therefore it is easy to 
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observe that the right hand side of (14.61) equals to — d(vol(W\)). Then, by Theorem 12.51 
with Corollary 13.231 we may reduce the proof of Theorem 11.11 to show 

(4.7) -d I MA(^ A ) = (^)*MA(y? 4 ). 

Jx 

Here we used the assumption X is normal, in order to apply Corollary 13.231 By the 
main result of [PSTU] <p t has the (^'"-regularity so that we can apply Proposition 2.2 
of [Bern 09j. Then it can be seen that the right hand side of ( 14 Jjj is independent of t 
and the proof is reduced to the case t = 0. Then by basic measure theory we conclude 
Theorem 11.11 if for any A G K 



(4.8) / MA(^ A )= / MA(^) 

JX J{<po^\} 

holds. Or it is sufficient to show 



(4.9) / MA(<p) < / MA(^a) «S / MA(cp) 

J{tp >\} JX J{ip ^X} 

for any A G M. The following lemma is directly deduced from the definition of tp t . 

Lemma 4.10. For almost every point in X, ipo ^ A holds if and only if ip\ — f- dn 
particular 



MA(y?) = / MA(v?). 
holds. 

Proof. Let x be a point of X. If ip\{x) = <f(x), then 

<p t (x) - <p(x) ip\(x) + tX — f{x) 
J t t t 

On the other hand, by the Legendre relation (I4.4p . fo{x) ^ A yields 

tpx(x) = inf {f t {x) - tX} 

^ inf {tcpo(x) + (p(x) — tA} ^ (p(x) 

for almost every x G X. 



□ 



In the case of Example 13.81 the result of [Be rm07j yileds much stronger conclusion 
that ip\ has C 1,1 -regularity on the bounded locus and 

MA(^a) = 1 { ^= V} MA(cp) 

holds. Here, however, we give a proof of ( 14. 9 p without the regularity of ip\. Note that 
the set {0o > A} is open (thanks to the regularity result of [PS 10]) and contained in 
= tp}. It was shown by [BEGZ10] that the Monge-Ampere product is local in the 
plurifine topology. Therefore we have 

/ MA(^ A ) = f MA(<p). 

^{vo>A} J{(p >\} 
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Then we obtain the one side inequality of (14.9j) . 



/ MA(^a) > [ MA(ip). 

JX J\VQ>\\ 



Let us take any e > to prove the converse inequality. Thanks to the maximality 
(14. 3 p we have 

f MA(^> A ) = / MA(^ A )= f MA(max{^ A ,^-e}). 

Note that the set {ipx > f — e} is pluri-open. The right hand side equals to 



by Theorem 12.31 Therefore we obtain 



L n - / MA(max{^ A ,^-£}) 



[MA(ip x )^L n -[ MA(max{^ A ,^-e}) 

JX J{i, x «p-e} 

= L n - f MA((p). 

J tib\<<c— e\ 



{i>\<tp-£} 

If e > tends to then the set {ip\ < <p — e} converges to {y? < A} hence 



This ends the proof. 



MA(> A ) / MA((p). 

x J{<poZX} 



4.3. Norms on the weak geodesic ray. We conclude this paper by discussing some 
consequences of Theorem ll.il which are concerned with the p-norm of test configuration. 

Definition 4.11. Fix any test configuration (X,C) of a polarized manifold L. Let 
H°(X Q , £q k ) = A V\ be the weight decomposition of the induced C*-action. Define 
the trace-free part of each eigenvalue as 

A := A — y^AdimVx 

K A 

and introduce the p-norms (p G Z^o) of the test configuration by 



A 

and 



A 

Especially in the case p = 2 we denote Q 2 and N 2 by Q and \\T\\ = \\T\\ 2 . Note 
that the limits exist since the summations in the right-hand side can be thought as the 
appropriate Hilbert polynomial. 
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It is easy to see that Qi = bo, Ni = 0, N 2 = Q2 — — , and 

tig 

— V- -> F = — 

N k ^k a " 

These norms are introduced by |Don05] and played the important role in their result 
for the lower bound of the Calabi functional. We can obtain the geometric meanings 
of these norms in word of weak geodesic ray. 

Theorem 4.12. Let (X,C) be a test configuration and (p t be the weak geodesic associ- 
ated to (X,C). Then we have 



x 



Qp 

and 

N p = j I (ft - F 



x 



nl 



ni 

Proof. By the same argument in the proof of Theorem I3.19[ we obtain 

/oo 
X p dvo\(W x ). 
-00 

This can be also obtained from the result of |WN10j if one note the volume character- 
ization of the concave function G[T] in |WN10j . Taking the p-th moment of the two 
measures in Theorem II. 1[ we deduce the claim. The formulas for N p can be proved in 
the same way. □ 

Let us examine Theorem 14.121 in the case p = it only states that n\ao = j x MA(^) 
and this can be easily seen from the definition of the Bedford-Taylor's Monge-Ampere 
product. The case p — 1 yields 

n%= / <p t MA((p t ). 
Jx 

In other words, the Aubin-Mabuchi energy functional along the weak geodesic is given 
by 

£(cp t ,cp) ■= f dt [ <p t MA(<p t ) = nlbot 
Jo Jx 

(For the definition of the Aubin-Mabuchi energy of a singular Hermitian metric, see 
[BEGZ10].) This is a well-known result to the experts. For example, the proof of 
|Berml2j in the Fano case works exactly the same way to yield that along the weak 
geodesic b gives the gradient of the Aubin-Mabuchi energy. We have reproved it in 
the viewpoint of the associated family of graded linear series. It is conjectured that the 
gradient of the K-energy at infinity corresponds to the (minus of) Donaldson-Futaki 
invariant. This gives the variational approach to the existence problem. 

The most interesting case is p = 2 which yields a part of Theorem 11.21 and this might 
be a new result. In particular, we obtain the following. 

Corollary 4.13. For any test configuration, the norm \\T\\ is zero if and only if the 
associated weak geodesic ray ip t is if + F$t. 
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Only the case where the exponent p is even was treated in |Don05j to assure the 
positivity of the norm but now we may define the positive norm for odd p integrating 
the function |A| P , in place of X p , by each measure. In particular we can see that the 
limit 



imi^=itai£(^) P dim^ 



A 

which can not necessarily be described by a Hilbert polynomial, exists and coincide with 
the L p norm of the tangent vector. Thus Theorem 11.21 was proved. Letting p — > +00, 
we obtain 

(4-14) \\T\L-= lim 11711, = sup |&-Fo|. 

In particular the right hand side is independent of t and ip. 

Let us remark some relation with |Don05] and prove Theorem 11.31 Let us denote the 
scalar curvature of the Kahler metric dd c p by S v and denote its mean value by S. The 
main result of |Don05] states that 

(Q P )*\\SJ Lq >h 

and 
(4.15) 



Sip S 



Li 



hold for any even p and the conjugate q which satisfies 1/p + 1/q — 1. As a result 
one can see that the existence of constant scalar curvature Kahler metric implies K- 
semistability. In view of (|4.15p . |Szllj suggested the stronger notion of K-stability 
which implies 

(4.16) Fi^-aum 

for some uniform constant 5 > 0. One of the motivation of this condition is that one has 
to consider some limit of test configurations to assure the existence of constant scalar 
curvature Kahler metric. The above condition also excludes the pathological example 
raised in |LXllj . Corollary 14.131 supports the validity of [Szllj 's suggestion since the 
gradient of the K-energy along the trivial ray p + F t is zero. 

Let us give an energy theoretic explanation for (14.151) . Thanks to Theorem 11.21 we 
can apply the Holder inequality to obtain 
(4.17) 

" MAM -) ' ( /> - *r ^r 1 ) ' > 1 1*° - F ° )<s * - ^ )MA( " ) 



\<Po 



x ni 



x ni 



for any pair (p, q) with 1/p+l/q = 1. Then the right hand side is minus of the gradient 
of K-energy along the weak geodesic ray. The definition of the gradient for singular 
ipt is not so clear but if it was well-defined, it should be increasing with respect to t. 
Moreover the limit should be smaller just as much as the multiplicity of the central 
fiber than minus of the Donaldson-Futaki invariant. (See also |PT06-lj . [PT06-2] and 
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|PRS 08j.) Assuming these points we have 
(4.18) 



x 



(^„-f„)(s,-s)M^M >f , 



7?! 



Notice that (I4.18P implies (I4.15P for any 1 ^ p ^ +oo. One of the proof of (I4.18P 
following the above line will be given in the preprint [BHWN12] . In fact in the Fano 
case, we may replace the K-energy to the Ding functional to obtain the corresponding 
result. Convexity of the Ding functional along any weak geodesic ray was established 
in [Bernllj and the relation between the gradient of the Ding functional and F\ was 
shown in [Berml2j . As a corollary of these results we obtain 



(4.19) 



rv. 



with some appropriate normalization for (p. and then ( I4.17P yields 



(4.20) 



\\r\\ p 



me 



1 



Li 



\MA((p) 

for any 1 ^ p ^ +oo. This can be seen as the analogue of the Donaldson's result in the 
Fano case. 

Finally we remark that the strong K-stability condition ( I4.16P follows from the ana- 
lytic condition: 

(4-21) I (0o - F )(S Vt - S)^p± ^ -6 ||0o - Foil , 

Jx n\ 

in case S vt is well-defined. It is interesting to ask whether this condition implies the 
properness of the K-energy. 
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